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Abstract 
         Physical property of pseudo spin of electrons in graphene is investigated. In 
contrast to recent description [Phys. Rev. Lett. 106 (2011)116803], we show that 
pseudo spin in graphene is not completely a real angular momentum. The pseudo spin 
only in the direction perpendicular to graphene sheet is real angular momentum, while 
the pseudo spin parallel to graphene plane is still not real angular momentum. 
Interestingly, it is also shown that the Newtonian-like force and pseudo spin torque of 
massive Dirac electrons in graphene under strain field mimic gravitomagnetic force 
and gravitomagnetic spin torque, respectively. This is due to the equivalence of 
pseudo spin and velocity operators of 2+1 dimensional massive electrons in graphene, 
different from that in real 3+1 dimensional Dirac fields. This work reveals new 
physical property of graphene as a pseudo gravitomagnetic material. 
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1. Introduction 
         Two-dimensional Dirac fermions in graphene [1, 2] carrying pseudo spin 
generated by its two-sublattices has lead to a way that would connect condensed 
matter and high energy physics. Such pseudo spinnor field is associated with hopping 
motions of electron in honeycomb lattice of graphene atomic structure. Analogous to 
that in high energy system, the emergence of pseudo Dirac-like field gives rise to 
Klein tunneling which is due to conservation of pseudo spin, experimentally observed 
in graphene p-n junction [3]. Zitterbewegung, trembling motion of relativistic 
fermions, may be studied via electrons in graphene system [4-5]. Discovery of pseudo 
spinnor field in graphene may also lead to the understanding of physics behind the 
theory of relativity, since electrons in graphene possess pseudo relativistic fermions, 
despite low energy. In graphene, the Fermi energy plays the role of the speed of light. 
Holes and sublattices are considered as pseudo positrons and pseudo spin, 
respectively.  The artificial spin, pseudo spin, created by the presence of the two-
sublattices in graphene is one of the exotic natures that may be used to understanding 
the relationship between spin and orbital angular momentum. Some previous works 
[6, 7] asserted that lattice-induced pseudo spin in graphene may not be associated with 
angular momentum, while a recent work [8] has given a different description. 
Mechlenburg and Regan [8] has shown that projection of total angular momentum 
J L S= + GG G  onto the normal direction ( J⊥ ) of graphene sheet is a conserved quantity, 
ie., 
                                                       ˆ[H, J ] 0⊥ =
G
,                           (1) 
 where Hˆ is Hamiltonian of electron in graphene. L r p= ×G G G  is the orbital angular 
momentum of electron in graphene with rG and pG being position and momentum 
vectors, respectively. S
G
 is pseudo spin operator of electron in graphene. This result 
may lead their conclusion to that pseudo spin in graphene is a real angular 
momentum. In this letter, we will show that the proof of Ref.[8] is not enough for the 
conclusion that pseudo spin in all directions is a real angular momentum because the 
in-plane total angular momentum ( J& ) in Ref.[8] is not a conserved quantity, ie.,  
                                                     ˆ[H, J ] 0≠&
G
.                            (2) 
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The proof in Ref.[8] should be sufficient only for the pseudo spin perpendicular to 
graphene sheet to conclude that it is a real angular momentum, not including the in-
plane pseudo spin. The physical nature of the in-plane pseudo spin is still unclear. In 
this work, we show that the in-plane pseudo spin parallel to graphene sheet is not real 
angular momentum, in contrast to Ref.[8]. We also show that the Newtonian-like 
force and pseudo spin torque of massive Dirac electrons in graphene under strain field 
are analogous to gravitomagnetic force and gravitomagnetic spin torque, respectively. 
The pseudo spin generating spin gravitomagnetic-like moment, leading to graphene as 
a pseudo gravitomagnetic material.  
2. To recall the orbital angular momentum and spin of the real 3+1 dimensional 
Dirac fermions 
         The classical torque CτG  defined as ( )C d r pdL dr dpp rdt dt dt dt
×τ = = = × + ×
G G G G GG GG . In the 
quantum mechanics, via the Heisenberg's picture, the orbital torque operator QτG  may 
be rewritten as of the form 
                                   Q
i iˆ ˆH, r p r H,p v p r F⎡ ⎤ ⎡ ⎤τ = × + × = × + ×⎣ ⎦ ⎣ ⎦
GG G G G G GG G
= = ,            
                                                                                                           (3) 
where velocity operator and force operator are given by dr i Hˆ, r v
dt
⎡ ⎤= =⎣ ⎦
G G G
=  and 
dp i Hˆ, p F
dt
⎡ ⎤= =⎣ ⎦
G GG
= , respectively. In nonrelativistic free particle with mass "m", 
Schrödinger Hamiltonian  
2
sh
pH
2m
=
G
 leads to the result that              
                                      Sh Sh Sh
i iˆ ˆH , r p r H ,p 0⎡ ⎤ ⎡ ⎤τ = × + × =⎣ ⎦ ⎣ ⎦
GG G G GG
= = .      (4) 
The angular momentum is a conserved quantity, because velocity always parallel to 
momentum Shv p 0× =GG  in the classical model. The spin angular momentum can not be 
mathematically observed in case of non relativistic model. The total angular 
momentum of the free particle thus belongs only to the orbital angular momentum L
G
.  
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         Using eq.(3) to study the orbital torque operator DτG  in the free field of the real 
3+1 Dirac fermions with the Dirac Hamiltonian 2DHˆ c .p mc= α +βG G  where 
0
0
σ⎛ ⎞α = ⎜ ⎟σ⎝ ⎠
GG G and 1 00 1
⎛ ⎞β = ⎜ ⎟−⎝ ⎠  with x y z
ˆ ˆ ˆi j kσ = σ +σ +σG  being the vector of the Pauli 
spin matrices. The speed of light is "c". The unit vectors along the x, y and z axis are 
ˆ ˆi, j and kˆ , respectively. The orbital torque operator for the free 3+1 dimensional Dirac 
field may be given as                                                                                           
                           D D D D
dL i iˆ ˆH , r p r H ,p v p
dt
⎡ ⎤ ⎡ ⎤τ ≈ = × + × = ×⎣ ⎦ ⎣ ⎦
G G G G G GG G
= = ,     (5) 
where the Dirac velocity operator is D D
i ˆv H , r c⎡ ⎤= = α⎣ ⎦
G GG
= . The force operator vanishes 
for the free particle D
i Hˆ , p 0⎡ ⎤ =⎣ ⎦
G
= , although there is non-vanishing acceleration 
D
D D
dv i Hˆ , v 0
dt
⎡ ⎤= ≠⎣ ⎦
G GG
=  leading to the so-called “Zitterbewegung”. This is to say the 
quantum mechanics may allow v p 0× ≠ GGG  to cause Zitterbewegung for some systems 
in the condensed matter [9], giving rise to orbital torque generated without the 
external force F
G
. As seen in eq.(5), the angular momentum is not a conserved 
quantity. The total angular momentum D DJ L S= +
GG G
 is required and should be a 
conserved quantity ie., D D D
dJ i Hˆ ,L S 0
dt
⎡ ⎤= + =⎣ ⎦
G G GG
= .  Because the condition 
DdS dL 0
dt dt
= − ≠
G G G
 is required [10], the spin angular momentum operator DS
G
 must be 
defined to obey the relation  
                     D D D D D
i i iˆ ˆ ˆH ,S H ,L H , r p v p⎡ ⎤ ⎡ ⎤ ⎡ ⎤= − = − × = − ×⎣ ⎦ ⎣ ⎦ ⎣ ⎦
G G G G GG
= = = .     
                                                                                                           (6) 
From eq.(6), real spin operator of the real 3+1 dimensional Dirac fermions is given as 
D
0
S
02
σ⎛ ⎞= ⎜ ⎟σ⎝ ⎠
GG = G . The formalism in eq.(6) should be the standard form of the 
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relationship among spin, orbital angular momentum, position and velocity 
operators for free fields of the Dirac-like fermions. We would like to conclude that 
the pseudo spin of the pseudo 2+1 dimensional Dirac fermions in graphene must be 
defined using this form because it is a Dirac-like fermions. 
          As we have mentioned previously, Ref.[8] did not obey the relation of  
dJ i Hˆ,L S 0
dt
⎡ ⎤= + =⎣ ⎦
G G GG
= . Hence, the proof may be incomplete, except for spin in the z 
direction or S⊥  (see the direction defined in Fig.1). In the next section we will 
consider the physical nature of pseudo spin in graphene based on the relation given in 
eq.(6) and show the different result from Ref.[8].  
3. Property of the pseudo spin of 2+1 dimensional Dirac fermions in graphene  
         The tight-binding based electronic fields in graphene are described as pseudo 
2+1dimensional Dirac fermions [1]. Using the coordinates xyz defined with respect to 
the real space of the graphene atomic structure (see Fig.1), the valley-dependent 
Hamiltonian acting on the pseudo spinnor field A
B
ψ⎛ ⎞ψ ⎜ ⎟ψ⎝ ⎠
∼  generated by sublattices A 
and B for the free electrons taking the form [11] 
                                       ( )G, F x x y y zHˆ v p pκ = κσ +σ + κΔσ              (7) 
where, 6Fv 10≈ m/s is the Fermi velocity and the valley K(K )′ is denoted by 
1( 1)κ = − . The energy gap between valence and conduction band is 2Δ and may be 
created by growing graphene on hexagonal boron nitride [12, 13]. The energy gap 
opening behaves like mass of the Dirac fermions called "pseudo Dirac mass" 
mpseudo 2F/ v≈ Δ . Recently, we have shown that pseudo Dirac mass can be either 
positive or negative value [13]. In the graphene system, the pseudo spin operator (or 
spin-like operator) may be defined as a form of operator that leads to Eigenvalue of 
/ 2= (fermions with spin 1/2) 
                                             ( )G, x y zˆ ˆ ˆS i j k2κ = κσ +σ + κσG =              (8) 
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         When pseudo spin operator has been defined as given in eq.(8), the time 
evolution of pseudo spin operator is therefore obtained as                                                                     
           ( ) ( )G, G, G, F x F y F z x y pseudo F
G, G
dS i ˆ ˆ ˆ ˆ ˆ ˆHˆ ,S v i v j v k p i p j m v k
dt
v p .
κ
κ κ
κ
⎡ ⎤≈ = − κ σ + σ + κ σ × + +⎣ ⎦
= − ×
G G
= GG  
                                                                                                      (9) 
To compare eq.(9) with eq.(6), we may define velocity-like operators G,v κ
G , 
momentum-like operator Gp
G , and orbital angular momentum-like operator G,L κ
G
 
as of the forms  
                               G, G, G F x F y F z
i ˆ ˆ ˆˆv H , r v i v j v kκ κ⎡ ⎤= = κ σ + σ + κ σ⎣ ⎦
GG
= ,   
                                G x y pseudo Fˆ ˆ ˆp p i p j m v k= + +G .                               
and                          G, G GL r pκ = ×
G G G , respectively.                        (10) 
This leads to   
           G G, G G G
dL i Hˆ ,L v p
dt κ
⎡ ⎤= = ×⎣ ⎦
G G GG
= , and  
G,
G, G,
dJ i Hˆ , J 0
dt
κ
κ κ⎡ ⎤= =⎣ ⎦
G GG
= , 
                                                                                                     (11) 
where,  G, G, G,J L Sκ κ κ= +
GG G
 is a total angular momentum-like operator which plays 
the role of a constant total angular momentum of the pseudo 2+1 dimensional Dirac 
fermions .  
         In eq.(10), the space of pseudo Dirac fermions in graphene may be described by 
a 3-dimensional-like system where G pseudor r r= +G G G  with ˆ ˆr xi yj= +G . From eq.(10), the 
operator of the positions should be satisfied the conditions of 
        ( )G, F x xi ˆ ˆˆv H , r v i jκ⎡ ⎤= = κσ +σ⎣ ⎦GG =  and ( )pseudo G, pseudo F zi ˆˆv H , r v kκ⎡ ⎤= = κσ⎣ ⎦GG = .   
                                                                                                   (12) 
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Therefore the operator pseudor
G   may be defined by  
                                pseudo pseudo
F pseudo
ˆ ˆr z k i k
v m
∂= = − ∂
G =  .                   (13) 
The result we have obtained in our work now shows that the pseudo 2+1 dimensional 
Dirac fermions act like particle moving in 3-dimensional space with a position-like 
vector, G pseudoˆ ˆ ˆr xi yj z k= + +G .  
            Now considering eq.(11), it is seen that pseudo spin G,S κ
G
 is associated with the 
(operator-like) orbital angular momentum G, G GL r pκ = ×
G G G . Here we would say that 
pseudo spin operator " G,S κ
G
" behaves like a real angular momentum only in the z-
direction, because it is associated with real orbital angular momentum 
G,z y xL xp yp= − , in contrast to the xy-plane. G,xyS
G
 should be not associated with any 
real angular momentum (see table 1), because it is related to pseudo orbital angular 
momentum 
                          G,x pseudo pseudo yL yp z p= −  and G,y pseudo x pseudoL z p xp= − . 
This is due to that effective electronic field in graphene is actually confined only in 
the xy-plane. Hence, our work shows a different conclusion from previous work [8], 
on the description of physical property of pseudo spin or lattice spin in graphene. 
3. Pseudo spin torque due to gravitomagnetic-like field generated by strain 
         In graphene system, pseudo spin operator G,S κ
G
 is found to resemble velocity-
like operator FG, G,
2vv Sκ κ≈
GG
=  (see table 2 and eq.(12)). Pseudo spin is parallel to the 
direction of velocity. This property is one of the interesting behaviors of pseudo 2+1 
dimensional Dirac fermions in graphene, unlike that in 3+1 dimensional Dirac 
fermions. In this section, we focus on the pseudo spin torque and acceleration force 
that may be related to Zitterbewegung of electrons in graphene where the strain field 
is applied. Under the influence of strain field [11], the graphene Hamiltonian may be 
given as  
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                    ( ) ( ) 2G, F x x x F y y y pseudo F zHˆ v p A v p A m vκ′ = κ σ + κ + σ + κ + κ σ ,       
                                                                                                   (14) 
where strain x yˆ ˆA A i A j≈ +
G
 is defined proportional to a pseudo vector potential related 
to a pseudo magnetic field mag strainB A∝∇×
GG G
 which is due to perturbed hoping energies 
induced by strain [4, 14]. Under strain-induced vector potential, pseudo spin torque  
G,
ps G, G,
dS i Hˆ ,S
dt
κ
κ κ⎡ ⎤′τ ≈ = ⎣ ⎦
G GG
=  could be obtained as  
                        ( )F Fps G, G, strain pseudo F2v 2v ˆS p S A m v kκ κτ = − × − κ × +G G GGG = = . 
                                                                                                     (15) 
To consider the case of rest electrons x yˆ ˆp p i p j 0= + →
GG , pseudo spin torque is purely 
induced by strain and mass and we may obtain the formalism in eq. (15) as of the 
form 
                                     ( )Fps G, strain pseudo F2 v ˆS A m v kκ − κ⎛ ⎞τ = × +⎜ ⎟⎝ ⎠G GG = . 
                                                                                                    (16) 
Previously [1, 4, 11, 14], it has been understood that strain field in graphene may 
create pseudo magnetic filed. The spin torque found in eq.(16) is  to show that strain 
vector field strainA
G
 acts like a component of a magnetic-like field rather than a vector 
potential. In this section, we will show that strain field could also create a 
gravitomagnetic-like field.  
            As we have known, the inertia force is defined as a derivative of momentum 
respected to time dpF
dt
≈
GG
. Considering the case of graphene under the influence of a 
“constant strain field”, the inertia-like force is zero G, G, G
i ˆF H ,p 0κ κ⎡ ⎤′≈ =⎣ ⎦
GG G
= ,  while its 
acceleration does not vanishes G, G, G,
i ˆa H , v 0κ κ κ⎡ ⎤′≈ ≠⎣ ⎦
GG G
= . It is not unclear that this 
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acceleration appears without being induced by related external force. We may define 
the force inducing this acceleration by using Newtonian-like second law, given by     
                  G, pseudo G, G, pseudo G,
i ˆf m a H ,m vκ κ κ κ⎡ ⎤′≈ = ⎣ ⎦
G G G
=                                                
                         F Fpseudo G, pseudo G, strain pseudo F
2v p 2v ˆm v m v (A m v k)κ κ
⎛ ⎞ ⎛ ⎞= − × − κ × +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
G GG G
= = . 
                                                                                                      (17) 
To take x yˆ ˆp p i p j 0= + →
GG into eq. (17), we may get the force-induced acceleration 
taking the form                                                                                              
                             FG, pseudo G, strain pseudo F
2 v ˆf m v (A m v k)κ κ
− κ⎛ ⎞= × +⎜ ⎟⎝ ⎠
G GG
= .                  
                                                                                                       (18) 
Recalling electromagnetic formulism, we will get spin magnetic torque and magnetic 
force-induced cyclotron motion as of the forms mag mag magBτ = μ ×
GG G  and 
mag magf qv B= ×
G GG , respectively where mag M eg S2mμ ≈
GG  is electron spin magnetic 
moment with spin gyro magnetic ratio Mg 2≈ , q is electronic charge, and magB
G
is a 
magnetic field strength.  
                 To consider formulae in eqs.(16) and (18), they can be rewritten similar to 
the formalisms of “gravitomagnetic spin torque” and “gravitomagnetic force” [15, 
16], given as    
                              ps G, G,Bκ κτ = μ ×
GG G , and G, pseudo G, G,f m v Bκ κ κ= ×
G GG ,  
                                                                                                    (19) 
respectively, where  G, G,Sκ κμ ≈
GG  and FG, strain pseudo F2 v ˆB (A m v k)κ − κ≈ +
GG
=  could be 
considered as "spin gravitomagnetic-like moment" and "gravitomagnetic-like field 
strength", respectively. It may be easy to approximate the orbital angular momentum 
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inducing gravitomagnetic moment defined as Gr mI Aμ =  by classical trajectory in the 
xy plane, where mass current is “ mI ” and the area of the loop current is “ A ”. Thus, 
we take zmvr L=  with 2 rv t
π≈  being velocity. Hence, gravitomagnetic moment is 
found to be proportional to the angular momentum ie., zGr m
LI A
2
μ = ≈ ≈ angular 
momentum/2 [16], where the mass current m
mI
t
≈  and the area 2A r≈ π . Therefore, 
spin gravitomagnetic moment could be written as pseudo, G, Gr G,
1S g S
2κ κ κ
μ = ≈G GG  leading 
to gyro gravitomagnetic-like ratio approximated of Grg 2≈  similar to real spin gyro 
magnetic ratio of bare electron. 
               In a limiting case for perfect graphene, pseudo Dirac electrons are 
massless 2pseudo Fm v 0Δ = → due to its zero-band gap. Hence, the gravitomagnetic-like 
field is generated only by the strain filed FG, strain
2 vB Aκ
− κ≈ GG = . Although the 
Newtonian-like force vanishes G,f 0κ ≈
G G
 in perfect graphene, the acceleration always 
remains finite G, pseudo G, G, G,f / m a v B 0κ κ κ κ= ≈ × ≠
G GG G . The result in eqs.(19) may be still 
done in case of perfect graphene. Force-induced cyclotron-like trajectory is replaced 
by the acceleration formula G, pseudo G, G, G,f / m a v B 0κ κ κ κ= ≈ × ≠
G GG G . The perfect graphene 
with zero-band gap is just the limiting case of our result. 
4. Summary and conclusion 
         Physical properties of pseudo spin of pseudo 2+1 Dirac fermions in graphene 
has been studied. It has been found that in contrast to recent description [8], the 
pseudo spin of electrons in graphene generated by its sublattices is not completely a 
real angular momentum. The pseudo spin parallel to graphene plane could not be 
described as a real angular momentum, except for normal component of the pseudo 
spin. Interestingly, the gravitomagnetic-like field induced by strain for massive Dirac 
fermions in graphene system was predicted, due to the equivalence of pseudo spin and 
velocity operators of 2+1 dimensional massive electrons in graphene, different from 
real 3+1 dimensional Dirac fields. The pseudo spin was found to generate spin 
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gravitomagnetic-like moment. This work has revealed new physical property of 
strained graphene as a pseudo gravitomagnetic material. A new result may leads to 
turn graphene into pseudo gravity physics.   
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Figure 1 illustration of graphene atomic structure and directions of x-,y- and z- 
directions. The zigzag and armchair directions are parallel to x- and y- directions 
respectively. The z-direction is perpendicular (⊥ ) to graphene plane. Real trajectory 
of electrons in graphene is confined in the xy-plane (& ).  
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          S
G
 
 
      G G GL r p= ×
G G G  
 
              G, G, G,J L Sκ κ κ= +
GG G
 
 G,x xS 2
= κ σ=  G,x pseudo pseudo yL yp z p= − Not real angular momentum 
 G,y yS 2
= σ=  G,y pseudo x pseudoL z p xp= −       Not real angular momentum 
 G,z zS 2
= κ σ=  G,z y xL xp yp= −        Real angular momentum 
 
 
Table 1 shows properties of pseudo spin G,S κ
G
, orbital angular momentum-like 
operator G,L κ
G
 and total angular momentum like operator G,J κ
G
. The momentum-like 
operator pseudo pseudo Fp m v≈  is defined related to pseudo motion in the z direction. 
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              Gr
G  
          
       FG, G,
2vv Sκ κ=
GG
=  
 
      Gp
G  
 
  property 
         
              x  
        
G, F x
i Hˆ , x vκ⎡ ⎤ = κσ⎣ ⎦=  
     
xp i x
∂≈ − ∂=
 
     Real 
       
              y  
 G, F y
i Hˆ , y vκ⎡ ⎤ = σ⎣ ⎦=  
   
yp i y
∂≈ − ∂=
 
     Real 
        
pseudo
F pseudo
z i
v m
∂≈ − ∂
=  
        
G, pseudo F z
i Hˆ ,z vκ⎡ ⎤ = κσ⎣ ⎦=
    
  pseudo Fm v  
 
   Not real 
 
 
Table 2 shows properties of position-like operator Gr
G , velocity-like operator G,v κG  and 
momentum-like operator Gp
G .  
 
 
 
